Ground-based and space-borne observatories studying exoplanetary transits now and in the future will considerably increase the number of known exoplanets and the precision of the measured times of transit minima. Variations in the transit times can not only be used to infer the presence of additional planets, but might also provide opportunities for testing new physics in the places beyond the Solar system. In this work, we take deviation from the inverse-square law of gravity as an example, focus on the fifth-force-like Yukawa-type correction to the Newtonian gravitational force which parameterizes this deviation, investigate its effects on the secular transit timing variations and analyze their observability in exoplanetary systems. It is found that the most optimistic values of Yukawa-type secular transit timing variations are at the level of ∼ 0.1 seconds per year. Those values unfortunately appear only in rarely unique cases and, most importantly, they are still at least two orders of magnitude below the current capabilities of observations. Such a deviation from the inverse-square law of gravity is likely too small to detect for the foreseeable future. Meanwhile, systematic uncertainties, such as the presence of additional and unknown planets, will likely be exceptionally difficult to remove from a signal that should be seen.
INTRODUCTION
Currently, more than 880 exoplanets have been discovered and about 300 of them are in the transiting systems.
1 Now and in the future, ground-based and spaceborne observatories used for studying transits of exoplanets will considerably increase the number of known exoplanets and the precision of the observed times of transit minima.
2 The measured transit timing variations (TTVs) can be used to infer the presence of additional ⋆ E-mail:yixie@nju.edu.cn 1 http://exoplanet.eu/catalog/ 2 As pointed out by Kipping (2011) , the so-called "mid-transit time" in the exoplanet literature is highly ambiguous. Following the terminology in Kipping (2011) , we will use "transit minimum" and "time of transit minimum" in this paper. Because, for a limb-darkened star, the transit minimum occurs when the apparent sky-projected separation between the exoplanet and the star reaches a minimum, which has a completely unambiguous definition. So "transit timing variations" also refers to "changes of times of transit minimum".
planets (e.g. Holman & Murray 2005; Agol et al. 2005; Heyl & Gladman 2007; Nesvorný et al. 2012) and study the dynamics of multiple planets systems (e.g. Holman et al. 2010; Lissauer et al. 2011; Fabrycky et al. 2012; Ford et al. 2012; Steffen et al. 2012; Nesvorný et al. 2013) . Recently, the Kepler mission Borucki et al. 2010 ) released a catalog of transit timing measurements of the first twelve quarters, which identifies the Kepler objects of interest with significant TTVs (Mazeh et al. 2013) . Such a large amount of confirmed and potential transiting exoplanets provide opportunities for testing physical laws of nature, especially fundamental theories of gravity, in the places beyond the Solar system. But, what is the necessity of performing these tests in exoplanetary systems? After all, modified and alternative relativistic theories of gravity have been tested in the Solar system with very high precision (see Will 1993 Turyshev 2008 , for reviews), whereas tests in exoplanetary systems in current stage are expected to be much worse for lack of high-accuracy observations. However, some observations indicate the fundamental constants of nature might c 2002 RAS have a temporal and spatial variation (e.g. Webb et al. 1999; Murphy et al. 2001a,b,c,d; Webb et al. 2001; Murphy et al. 2003 Murphy et al. , 2007 Murphy et al. , 2008 Webb et al. 2011) , which imply some fundamental laws of nature may also have variations in such a manner although it ought be very small. Furthermore, scalar-tensor theories of gravitation, as alternatives of general relativity (GR), also theoretically imply these subtle variations may exist even in the scale of planetary systems due to the possible couplings between matter and scalar fields (see Fujii & Maeda 2007 , for a review). In order to (dis)prove it empirically, we need to go to different times and places. Exoplanetary systems can serve as testbeds outside the Solar system for conducting those tests owning to their unique locations. Therefore, in this work, we will focus on testing the inverse-square law (ISL) of gravity.
A way to parameterize deviation from the ISL of gravity, which might be caused by new physics beyond the standard model of particles and GR, is the fifthforce-like Yukawa-type correction to the Newtonian gravitational force, which has been intensively studied (e.g. Fischbach et al. 1986 Fischbach et al. , 1992 ?; Adelberger et al. 2003; Iorio 2007a; Lucchesi & Peron 2010; Lucchesi 2011; Iorio 2012b; . The gravitational potential with this correction is
where the Newtonian potential and Yukawa-type correction are, respectively,
Here G is the gravitational constant, Mi (i = 1, 2) is the mass of the ith body and r is the distance between them. α is a dimensionless strength parameter of the correction and λ is a length scale for it (see Fischbach & Talmadge 1999 , for a review of constraints on α and λ). Under this parameterization, if the inverse-square law of gravity is violated, an extra force will exert on exoplanets and cause additional secular TTVs. Among mainly known sources of secular TTVs, the general relativistic periastron advance (GRPA) contributes. Its observability in exoplanets has been investigated in several works (e.g. Miralda-Escudé 2002; Adams & Laughlin 2006a,b,c; Iorio 2006; Heyl & Gladman 2007; Jordán & Bakos 2008; Pál & Kocsis 2008; Li 2010; Iorio 2011a,b; Li 2012; Zhao & Xie 2013) . It is found that GRPA can be detectable on timescales of less than about 10 years with current observational capabilities by observing the times of transits in exoplanets (Jordán & Bakos 2008) .
This means that, like the well-known phenomena in the Solar system, such as the anomaly in the perihelion shift of Mercury (Nobili & Will 1986 ) that gave a hint at new physics about GR and the dynamics of planets which could be used to test fundamental laws of physics (e.g. , observing of secular TTVs can also serve as a testbed with the help of high-precision measurements which might be available in the future. It will also provide opportunities to test the fundamental theories of gravity in quite a large number of different and unique locations beyond the Solar system. This will make transiting exoplanets very similar to binary pulsars in testing physical laws describing gravity (e.g. Bell et al. 1996; Damour & Esposito-Farèse 1996; Kramer et al. 2006; Iorio 2007b; Deng et al. 2009; Li 2010; Deng 2011; Li 2011; De Laurentis et al. 2012; Ragos et al. 2013; Xie 2013) .
Hence, we will investigate the (im)possibility of detecting fifth-force-like Yukawa-type effects on the secular TTVs as an example of trying to test new physics in exoplanets. After analysing their observability in exoplanetary systems, we find that the most optimistic values of this type secular TTVs are at the level of ∼ 0.1 seconds per year. Those values unfortunately appear only in rarely unique cases and, most importantly, they are still at least two orders of magnitude below the current capabilities of observations. Such deviation from the ISL of gravity is likely too small to detect for the foreseeable future. Meanwhile, systematic uncertainties, such as the presence of additional and unknown planets, will likely be exceptionally difficult to remove from a signal that should be seen.
The rest of the paper is organized as follows. Section 2 is devoted to describing TTVs under the Yukawa-type correction. In section 3, we present an analysis about its observability in the secular TTVs. Finally, in section 4, we summarize our results.
TTVS CAUSED BY YUKAWA-TYPE CORRECTION
To describe the dynamics of a transiting exoplanetary system, understand its transit light curve and represent the observables, we adopt the coordinate systems defined and applied in Kipping (2011) . The plane ofX-Ŷ is defined as the plane of the sky, the host star is at the origin O and the observer is located at (X, Y, Z) = (0, 0, +∞). Then , in theX-Ŷ -Ẑ system, the inclination of a transiting exoplanet i is close to 90
• . Hereafter, we take widely used notations in celestial mechanics: a is the semi-major axis, e is the eccentricity, i is the inclination, Ω is the longitude of the ascending node, ω is the argument of periastron, M is the mean anomaly and f is the true anomaly. The normalized apparent (sky-projected) separation between the planet and the star is defined as (Kipping 2011 )
where ̺(f ) ≡ (1 − e 2 )/(1 + e cos f ) and R * is the radius of the star. For mathematical convenience in the following parts of this paper, we will also use the expression for S 2 :
Transit minima
For a Kelperian transiting exoplanet, the instants of transit minima (and maxima) occur when dS/dt = 0 (Kipping 2011), which leads to
It is worth mentioning that condition defined by equation (6) is a pure geometric criterion without any ambiguity. Because df /dt = 0 for planetary orbital motions, the condition dS/dt = 0 is equivalent to dS/df = 0. An easier way to handle the mathematics is to make use of dS 2 /df = 0, and such a condition can be proven to be equivalent to dS/df = 0 (Kipping 2011) . To obtain the true anomaly at the transit minima fT (the subscript "T" denotes transit), one needs to solve a quartic equation involving cos f [see eq. (4.5) in Kipping (2011)] . Although solving it is mathematically possible, the solutions are pretty lengthy and impractical. Treating cos 2 i as a small quantity which is very close to zero for transiting exoplanets and using the Newton-Raphson iteration method, Kipping shows the series expansion solution for fT can be written as (Kipping 2011) 
where, by h ≡ e sin ω and k ≡ e cos ω,
It is demonstrated (Kipping 2011 ) that using a first-order expansion solution can reduce the error to less than a millisecond for a highly eccentric planet with a short period. Solutions expanded to higher orders (up to n = 6) can be found in Kipping (2011) .
Yukawa-type secular TTVs
With the same approach used in Iorio (2011a) to work out long-term time variations of some observables for transiting exoplanets, for a given observable Γ that is a function of Keplerian orbital elements, i.e. Γ = Γ({σ}), where {σ} = {a, e, i, Ω, ω, M }, if perturbations on the Keperlian orbital motion are taken into account, we can calculate its secular variation by averaging:
where P is the Keplerian period of the orbit. Applying this approach to fT , we can obtain its secular changes as
If a two-body problem with the fifth-force-like Yukawa-type correction is considered, we can find that
dη
Here, the secular variations of a, e, i and Ω are zero and only dω/dt contributes in the above ones [see eqs. (18)- (22) in ] because
where I1(z) = dI0(z)/dz and I0(z) is the modified Bessel function of the first kind (Arfken & Weber 2005) . However, the secular variation of fT is not an observable practically so that, for realistic measurements, it needs to be converted to the secular variation of time of transit minimum tT , i.e. secular TTV,
where ̺T ≡ ̺(fT ) and n = 2π/P . By substituting equations (7), (12) and (16) into above one, we can have
For a time duration ∆t, the Yukawa-type secular TTV ∆tT is
where
and
It is worth mentioning that although equation (19) does not diverge when e = 0 because
it is not suitable for the case that e is extremely close to 0 because it makes ω ill-defined. In order to avoid this, one needs to reformulate it in terms of singularity-free orbital elements (Danby 1962) . While the orbit may precess rapidly near zero eccentricity, its effect would simply be a change to the measured orbital period (yielding an orbital frequency of 2π/P measured = 2π/Ptrue +ω). The TTV signal in this case is the deviation from a constant interval between transits. Thus, the changing angular velocity of a planet on an elliptical orbit is an essential aspect of the signal. However, due to the requirement of an elliptical orbit, short-period planets (with periods of only a few days) are not likely to be good candidates because of the circularization of the orbit from tides. It can also be found that, from equation (20),
which makes ∆tT /∆t not sensitive to ω according to equation (19). And, since ξ is a dimensionless parameter as a ratio of the semi-major axis a and the length scale of Yukawa correction λ, it suggests that it will be very difficult to determine λ by observations on TTVs alone. In ∆tT /∆t, α and e play more important roles (see next section for details). Equation (19) describes changes of times of transit minimum for a time duration which may be much longer than the Keplerian period of the orbit. In practice, an important directly measurable quantity is the temporal interval PT between successive transits. It will change as well because ofω. This variation gives the observed deviations from a linear ephemeris. Up to the first order of e, the derivative of the transit period PT is given by ( 
so that the contribution caused by Yukawa-type correction isṖ (25) where MT is the mean anomaly at transit (Miralda-Escudé 2002) and is related to the true anomaly at transit fT of the first order of e by MT = fT − 2e sin fT .
OBSERVABILITY OF YUKAWA-TYPE SECULAR TTVS
This section will be dedicated to an important issue: the observability of these Yukawa-type effects. Based on the literature about Yukawa-type correction (e.g. Fischbach & Talmadge 1999; Adelberger et al. 2003; Deng et al. 2009; Lucchesi & Peron 2010; Deng 2011; Lucchesi 2011; Iorio 2012b ) and the catalog of confirmed transiting exoplanets 3 , we will focus on the domain of the parameters in equation (19) 
In the construction of this space of parameters, we take confirmed transiting exoplanets as samples of orbital configurations. We also consider constraints on Yukawa correction in the Solar system. For instance, one of the upper bounds of Yukawa correction is given by Iorio (2007a) using the Solar system planets orbital motion with EPM2004 ephemeris (Pitjeva 2005) : α ∼ 10 −9 and λ ∼ 0.18 au. A crucial difference between the case of the Solar system and the one of exoplanetary system is that we know major objects in the Solar system very well but most exoplanets with low masses ( M⊕) currently remain unknown. In order to include more possible and potential cases, even some of which have not been observed yet, we enlarge the domain D as well. Figure 1 shows color-indexed ∆tT /∆t in four cases: (a)
3 http://exoplanet.eu/catalog/ e = 0.01; (b) e = 0.1; (c) e = 0.3; and (d) e = 0.6. These sub-cases share identical logarithmic color bars in the unit of second per year (s yr −1 ) and are all generated by taking ω = 270
• which makes ̺T maximum. It can be checked that their patterns barely change for different values of ω according to equation (23). They tell us that the most optimistic values of Yukawa-type secular TTVs are at the level of ∼ 0.1 seconds per year. Unfortunately, those values appear only in rarely unique cases (very small regions surrounding ξ ≈ 2.2 and α = 10 −8 in each sub-figures) and, most importantly, they are still at least two orders of magnitude below the current capabilities of observations. Therefore, such deviation from the ISL of gravity is likely too small to detect for the foreseeable future.
There are some other effects that will make the detection more complicated. For example, GR, a stellar quadrupole moment, tidal deformations and an additional planet (perturber) (e.g Miralda-Escudé 2002; Holman & Murray 2005; Agol et al. 2005; Heyl & Gladman 2007; Jordán & Bakos 2008; Iorio 2011a Iorio , 2012d Nesvorný et al. 2012; Iorio 2013) can also cause secular periastron advances respectively: ω GR , ω quad , ω tide and ω pert [see eqs. (1), (3), (5) and (7) 
where c is the speed of light and M * is the mass of the host star. It means, in a transiting exoplanet system with Sunlike mass, period of ∼ 1 day and relatively small eccentricity of ∼ 0.1, the TTVs caused by GR can reach ∼ 40 seconds in a year. To compare the magnitudes of TTVs triggered by GR and Yukawa correction, we can calculate the ratio as
where κ ≡ 4π 2 , µ * ≡ GM * and
Similarly, we also can have three other ratios involving the stellar quadrupole moment, tidal deformations and the per-turber as
Here, J * 2 is the stellar quadrupole moment, R * is the radius of the host star; Mp is the mass of the planet, Rp is the radius of the planet; k2,s and k2,p are the apsidal motion constants for the star and planet respectively, which depend on the mass concentration of the tidally deformed bodies (Sterne 1939) ; M2 is the mass of the second planet and P2 is the Keplerian period of its orbit. In the calculations of these ratios [equations (28) In order to estimate these ratios, we fix ξ = 2.2 and α = 10 −8 because they generate the most optimistic values of Yukawa-type secular TTVs, which are at the level of ∼ 0.1 seconds per year (see figure 1) . After evaluating them, we find secular TTVs caused by GR, the stellar quadrupole moment, tidal deformations and a perturber are usually larger than the one due to the Yukawa correction by several orders of magnitude (see figure 2) . Figure 2(a) shows η GR/YK with respect to P , where m ≡ M * /M⊙. It indicates, for an exoplanet with P ∼ 10 days, the TTVs caused by GR are about 10 2 times greater than those triggered by possible deviation from ISL of gravity. The comparison of TTVs by the stellar quadrupole moment and Yukawa correction is given in figure 2(b) in which j ≡ J * 2 × 10 7 , r ≡ R * /R⊙ and e is fixed as 0.3. It suggests effects from the quadrupole moment will suppress the Yukawa correction on a close-in planet. Some curves of η tide/YK are presented in figure 2(c) where we assume a Jupiter-like giant planet with k2,p = 0.25 by a polytrope of index n ≈ 1 (Hubbard 1984 ) and a host star with k2,s = 0.01 (Claret & Gimenez 1992) . Like the trends in figure 2(b) , the TTVs by tidal deformations are much larger than those by Yukawa correction for hot-Jupiters. In figure 2(d), these curves show the relative strength of TTVs by a perturber and those by Yukawa correction, where m2 ≡ M2/M⊕. The influence of a perturber can reach the level of several orders of magnitude greater than the effects of Yukawa correction. For a perturber with ∼ M⊕, its contribution in TTVs can be about 10 times larger than Yukawacorrection's when P : P2 ≈ 1 : 2. However, such perturbers with low masses are currently difficult to detect and remain unknown in most cases. The resulting uncertainties will ruin any efforts to test ISL of gravity using exoplanetary TTVs and they will likely be exceptionally difficult to remove from a signal that should be seen. Separating, discriminating and extracting various contributions in TTVs for future positive detection of possible deviation from ISL require tremendous advances of techniques for observations and sophisticated methods of data analysis.
CONCLUSIONS AND DISCUSSION
In the context of potential and considerable increase of the number of transiting exoplanets and the precision of measured times of transit minima by ground-based and spaceborne observatories used for studying exoplanet transits now and in the future, we study the possibility of testing fundamental laws of nature in these system via TTVs. Focusing on presumable violations of the ISL of gravity which are parameterized by the fifth-force-like Yukawa-type correction to the Newtonian gravitational force, we investigate their effects on secular TTVs and analyze their observability. It is found that the most optimistic values of Yukawa-type secular TTVs are at the level of ∼ 0.1 seconds per year. Those values unfortunately appear only in rarely unique cases and, most importantly, they are still at least two orders of magnitude below the current capabilities of observations. Such deviation from the ISL of gravity is likely too small to detect for the foreseeable future.
Moreover, exoplanetary systems are full of complexity so that many sources can trigger secular TTVs, such as GR, a stellar quadrupole moment, tidal deformations and a perturber. After calculating the ratios between TTVs by Yukawa correction and those caused by these four effects, we find the signals of Yukawa correction are much weaker than others. The uncertainties of perturbers with low masses, which are usually unknown for now, will ruin any efforts to test ISL of gravity using exoplanetary TTVs and they will likely be exceptionally difficult to remove from a signal that should be seen. Separating, discriminating and extracting various contributions in TTVs for positive detection require tremendous advances of techniques for observations and sophisticated methods of data analysis. 
